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Background

1. Background
— The Importance of Growth

— Neoclassical Growth Model of Solow
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1-1: The Importance of Growth

Per Capita GDP, 1960 / 2000 (from Penn World Tables)
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1-1: The Importance of Growth

Growth rate of per capita GDP, 1960 - 2000, (from Penn World Tables)

25
Australia, Iran, | £ Brazil, Canada, Chile.
Mexico, Sweden, Egypt. France, India,
Argentina, Ghana, United Kingdom Israel, Italy, Pakistan,
Kenya, South Africa, Turkey, United States
20 _Switretland | |
Bolivia, Ethiopia,
Ivory Coast,
Peru, Tanzania
P
U
£ 154
=
g
3
b
3
E Mozambigue
Nigeria e
E 10 Zambia Singapore
[Bem Rep. of Conge | S o
5

—0.025 0.000 0.025 0.050
Growth rate of per capita GDP, 1960-2000

stochastic Solow growth model 11.25 - 11.27, 2022 5/ 44



Background

1-1: The Importance of Growth

> Why are some countries rich and others poor? What are the sources of recessions and

booms?

> Why countries experience such sharp divergences in long-term growth rates?
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Background

1-1: The Importance of Growth

> Why are some countries rich and others poor? What are the sources of recessions and

booms?
> Why countries experience such sharp divergences in long-term growth rates?
> Even small differences in these growth rates, when cumulated over 40 years or more,

have much greater consequences for standards of living than the kinds of short-term

business fluctuations.
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Background

1-11: Neoclassical Growth Model of Solow

> Historical Line:

Input-output method (Leontief, 1973 Nobel Prize)

Neoclassical (#77#) growth model (Solow, 1987 Nobel Prize)
— Solow model with uncertainty (Merton, 1997 Nobel Prize)
— Endogenous (P%E) (human capital) growth model (Lucas, 1995 Nobel Prize)

— Endogenous (N 42) (technology) growth model (Romer, 2018 Nobel Prize)
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Background

1-11: Neoclassical Growth Model of Solow

The Solow model focuses on four variables: output (/77H, Yy), capital (%A, Ky),
labor (5587, L¢), and technology (3K, A;). The economy has some amounts of capital,

labor, and technology, and these are combined to produce output:

Yt - F(Kt, AtLt) - AtLt : F(Kt/(AtLt), 1) (%ﬁ‘u%‘i?&@ﬂﬁ’?ﬁ)
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1-11: Neoclassical Growth Model of Solow

The Solow model focuses on four variables: output (/77H, Yy), capital (%A, Ky),
labor (5587, L¢), and technology (3K, A;). The economy has some amounts of capital,

labor, and technology, and these are combined to produce output:
Yy = F(Ke, AcL) = AcLe - F(Ke/(AcLe), 1), (FUBHREHAE)
Assume that the dynamic of main variables are described by differential equations
dK./dt = [Y; — C] — 6Ky = sY; — 0Ky,
dL,/dt = hL,,
dA./dt = gA;.
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Background

1-11: Neoclassical Growth Model of Solow

The Solow model focuses on four variables: output (/77H, Yy), capital (%A, Ky),
labor (5587, L¢), and technology (3K, A;). The economy has some amounts of capital,
labor, and technology, and these are combined to produce output:

Y = F(Kt, AtLt) = AL F(Kt/(AtLt): 1)- (fm*ﬁ?&@mx%)
Assume that the dynamic of main variables are described by differential equations
th/dt = [Yt - Ct] - 6Kt = SYt - 6Kt,
dL,/dt = hLg,
dA./dt = gA;.
Denote ky = K¢/(ALt), yr = Yi/(AiL¢) and f(k¢) = F(k¢, 1) then yy = f(k¢), then we
obtain the key equation of the Solow model

dky

o = stk = (n+ g+ 8)ke.
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Background

1-11: Neoclassical Growth Model of Solow

Growth rate of Solow model: k{/k; = sf(k¢)/ky — (h+ g+ 8)

Growth rate > 0

h+§t§

Growth rate < 0

s fR/k

> The balanced growth path k*. How the variables behave when k; equals k*?
dK;/dt  dY;/dt

Ko Y.
Capital per worker, K./L, and output per worker, Y;/L;, are growing at rate g.

=h+g.

Solow: Capital accumulation is not the main factor of economic growth, long-term
economic growth must depend on population growth and technological progress (in-

crease in education).

Zhong-Wei Liao stochastic Solow growth model 11.25 — 11.27, 2022 9 /44



Solow Growth Model with Uncertainty

2. Solow Growth Model with Uncertainty
— The Study of Uncertainty
— Stochastic Solow Model with Jump

— Stochastic Solow Model on Random Environments
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Solow Growth Model with Uncertainty

2-1: The Study of Uncertainty

> Importance of uncertainty:

Merton (1975, Rev Econ Stud): introduce uncertainty into Solow model, since then,
more and more scholars realize the effect of uncertainty on the stability and long time

behavior of economic systems;

> AK-type growth model: Steger (2005, Econ Lett), Buera and Oberfield (2015, Econo-
metrica), Boucekkine et al. (2018, Econ Rev);

> Solow growth model: Ramsey and Ramsey (1995, Am Econ Rev), Wu and Hu (2009,
J Appl Probab), Bloom et al. (2015, Am Econ Rev);

> Endogenous growth model: Hek (1999, Int Econ Rev), Canton (2002, Econ Theor),
Bucci et al. (2011, J Econ), Tsuboi (2020, Econ Model).
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Solow Growth Model with Uncertainty

2-1: The Study of Uncertainty

> The conflicting effects of uncertainty:

> Positive role:

Canton (2002, Econ Theor) proved that economic growth is higher since people devote
more time in scientific research in an uncertain economic environment;

Wu and Hu (2009, J Appl Probab) illustrated the positive effect of variances of
population growth and capital accumulation through the exponential instability of the

stochastic differential equations.
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Solow Growth Model with Uncertainty

2-1: The Study of Uncertainty

> The conflicting effects of uncertainty:

> Negative role:

Hek (1999, Int Econ Rev) examined uncertainty in the creation of knowledge and
constructed a corresponding endogenous growth model to explain the negative effects of

uncertainty;

Ramsey and Ramsey (1995, Am Econ Rev) empirical analysed of economic devel-
opment data for 92 countries yields that countries with higher uncertainty have lower

economic growth rates;

Tsuboi (2020, Econ Model) solved the stochastic R&D model and concluded that the

uncertainty tends to severely restrict the growth of income.

Zhong-Wei Liao stochastic Solow growth model 11.25 — 11.27, 2022 13 / 44



Solow Growth Model with Uncertainty

2-1: The Study of Uncertainty

> Why:

> i. Uncertainty arises for a variety of reasons, and the impact of different types of

uncertainty varies.
> ii. There is an interaction between various uncertainties.

> iii. The economic environment changes with policies, wars, disasters, etc., and

uncertainty plays a different role in different environments.
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Solow Growth Model with Uncertainty

2-1: The Study of Uncertainty

The main work:

> Three types of uncertainty into the Solow growth model:
> (1). From the process of technology:

> Continuous part i: fluctuation produced by the accumulation of technologies

(driven by Brownian motion B.);

> Jump part ii: spurt of improvement driven by new inventions and ideas (driven

by Poisson random measure N(t, dz));

> (2). From the macro-environment variabilities, such as policies, wars, disasters

> The environmental variation (described by Markov chain Ay).
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Solow Growth Model with Uncertainty

2-1: The Study of Uncertainty

Difficulties and main contributions:

> Develop a more realistic stochastic model of economic growth.

> (1). Give the criterion of the stochastic stability of the system; propose the concept

of balanced mean growth path.

> (2). Quantitatively analyze how these three uncertainties affect the main variables

of the economic system.

> (3). Give computable methods for calculating the mean growth rates, balanced

mean growth path, moment estimations, convergence rate, asymptotic boundedness, etc.
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Solow Growth Model with Uncertainty

2-11: Stochastic Solow Model with Jump

The technology A is an adaptive stochastic processes given by

dA; = gAdt 4+ 0;AdB + UzAt7J zN(dt,dz), Ag=aqo >0,

Ro
where o7 and o, are the variances of continuous part and jump part, when o, = 0, the

definition of A covers the model given in Tsuboi (2020).
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Solow Growth Model with Uncertainty

2-11: Stochastic Solow Model with Jump

The technology A is an adaptive stochastic processes given by

dA; = gAdt 4+ 0;AdB + UzAt7J zN(dt,dz), Ag=aqo >0,

Ro
where o7 and o, are the variances of continuous part and jump part, when o, = 0, the

definition of A covers the model given in Tsuboi (2020).

The dynamics of capital and labor can be characterized by equations

dKi = (sYy — 0Ky)dt, Ko =ko >0,
dL; = hL.dt, Ly=1 >0,

where s € [0, 1] is the saving rate, & € [0, 1] is the depreciation rate of capital.
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Solow Growth Model with Uncertainty

2-11: Stochastic Solow Model with Jump

Capital, labor and technology, as factors of production, are transformed into the total
output in a certain way. The input-output relationship is characterized by production
function, which is Cobb-Douglas production function (FA5-1EH& 4 U4 7= s %0), i.e.,

Yo = F(K, ALy = K¥(ALLOY™, 0<a<l,

where «, 1 — « are the marginal outputs of capital and effective labor.
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Solow Growth Model with Uncertainty

2-11: Stochastic Solow Model with Jump

Capital, labor and technology, as factors of production, are transformed into the total
output in a certain way. The input-output relationship is characterized by production
function, which is Cobb-Douglas production function (FA5-1EH& 4 U4 7= s %0), i.e.,

Yo = F(K, ALy = K¥(ALLOY™, 0<a<l,

where «, 1 — « are the marginal outputs of capital and effective labor.

Let X; = K /(L{A¢) be the effective capital-labor ratio, then

X (ﬁ) N(dt, dz),

dX; = (sX& + mX,) dt — 07X, dB, — J o

R,

where m = 02 — g —h — §. Easy to verify that x* = 0 is a solution corresponding to the
initial condition Xo = 0, which is called the trivial solution. If x* = 0 is stable, X; will

converge to zero and the economy will be in stagnant state.
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Solow Growth Model with Uncertainty

2-11: Stochastic Solow Model with Jump

The growth rate and steady state are the most important concepts.

Definition: mean growth rate & balanced mean growth path

For each stochastic process X, define a process by stochastic differential equation
dG(Xy) = XdX,.

Then defien

mean growth: Gx(t) :=E[G(X¢)], mean growth rate: G(t) := %E[G(Xt)].

The balanced mean growth path 7* is a distribution on R, such that G4(t) = 0 when

X¢ ~ 7* for some t > 0.

Remark: balanced mean growth path v.s. stationary distribution.
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Solow Growth Model with Uncertainty

2-111: Stochastic Solow Model on Random Environments

The component A; is a Markov chain takes values in S ={1,2,...,n}, with n < oco.
The transfer rate matrix is denoted by Q = (qij)nxn, which is assumed irreducible and

conservative.
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Solow Growth Model with Uncertainty

2-111: Stochastic Solow Model on Random Environments

The component A; is a Markov chain takes values in S ={1,2,...,n}, with n < oco.
The transfer rate matrix is denoted by Q = (qij)nxn, which is assumed irreducible and

conservative.

The component X, is the effective capital-labor ratio in A, satisfying

X (%) N(dt, dz),

dX, = (s(/\t)x;"“” + m(/\t)Xt) dt—al(/\t)XtdBth T o (A
t—

R
with initial condition Xqg =% € Ry and Ag =1y € S.
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Solow Growth Model with Uncertainty

2-111: Stochastic Solow Model on Random Environments

The component A; is a Markov chain takes values in S ={1,2,...,n}, with n < oco.
The transfer rate matrix is denoted by Q = (qij)nxn, which is assumed irreducible and

conservative.

The component X, is the effective capital-labor ratio in A, satisfying

X (%) N(dt, dz),

dX, = (s(/\t)x;"“t’ + m(/\t)Xt) dtf(rl(/\t)XtdBth =
t—

R
with initial condition Xqg =% € Ry and Ag =1y € S.

The main aim of this part is to explore the influence on stability due to By, N(t, A)

and Ay, respectively.
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Main Results I: Stability and Mean Growth in Fixed Environment (flip through)

3. Results I: Stability and Mean Growth in Fixed Environment
— Stability and Moment Estimation of Capital-Labor Ratio
— Estimation of Mean Growth

— Balanced Mean Growth Path
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Main Results I: Stability and Mean Growth in Fixed Environment (flip through)

3-1: Stability and Moment Estimation of Capital-Labor Ratio

Theorem (i) - stability of x =0

The trivial solution x = 0 is almost surely exponentially unstable if

1
f) =m-— 50’% *)\C]_(O}) >0,

where C1(0>) J"R log(1 + 0,z) @(dz).

Remark: We also have the criterions of stochastic stability/instability.
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Main Results I: Stability and Mean Growth in Fixed Environment (flip through)

3-1: Stability and Moment Estimation of Capital-Labor Ratio

Theorem (i) - stability of x =0

The trivial solution x = 0 is almost surely exponentially unstable if

1
[3 =m-— 50‘% *)\C1(0'2) >0,

where C1(0>) fR log(1 + 0,z) @(dz).
Remark: We also have the criterions of stochastic stability/instability.

Theorem (ii) - pth moment of X,
Under the condition of Theorem (i), let p > 1, the pth moment satisfies
EDG] < etMraf + (e™Mr — 1),
where C(k, 05) IR (1+ 022)° — 1] @(dz) and
a1

-1\ 7 1
M, =s(p+a—1) (%) + (mp+§p(p—1)0f+?\C(—p,02)) > 0.
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Main Results I: Stability and Mean Growth in Fixed Environment (flip through)

3-11: Estimation of Mean Growth

Theorem (iii) - on mean growth of X

Under the condition of Theorem (i). The mean growth rate of Xi:
m+AC(—1, 02) < G4 (t) < sx& teM + m 4+ AC(—1, 0y),
where M, = (¢ —1) [m— —(2 o) + —C(l —Q, 02]]. Particularly, there exists 0 <
o*(yx) < 1 such that M, < 0 when o*(yx) < « < 1.
Remark: The marginal output should not be too large, otherwise it will affect the long

time behavior of the system. Denote by X, := K /L, we have

Theorem (iv) - on mean growth of economic variables

Grlt) <xg™' (se™=) =5, Gx(t) <xg™" (se™) —5—h
od

1
gffoccl+7C( —, 03) .

Gy(t) < x§ ! (ase™e) + (1 —«) T -
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Main Results I: Stability and Mean Growth in Fixed Environment (flip through)

I1l: Balanced Mean Growth Path

Theorem (iv) - on balanced mean growth path
Under the condition of Theorem (i) and m +AC(—1, 02) < 0. The distribution 7* of the
balanced mean growth path satisfies

J x* I (dx) = —s 7! (m + AC(—1, 02)) .

Ro

Moreover, when Xi= ~ 7* for some t* > 0, the mean growth rate of capital K, total

output Y, and capital-labor ratio X, satisfy

’ *) _ 2 02Z
GL(t)=h+g 01+?\JR0<1+02Z>@(dz],

X0z
1+ 0oz

G{(t")=h+g— %0((3— «)o? —H\J [( ) + (14 002)1 % —1| @(dz),
Ro

G4(t") =g — o3 }\J 222 ) p(d2).
() =g—ot+r| (757 ) el
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Main Results II: Stochas

4. Results Il: Stochastic Solow Models with Regime-Switching
— Recurrent and Transient
— Convergence Rate of Stationary Distribution

— Asymptotic Boundedness of pth Moment
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Main Results II: Stochas

4-|: Recurrent and Transient

The regime-switching process (Xi, A¢) is given by

dX, = (s(/\t)x;*“tJ + m(/\t)Xt) dt—Gl(At]XtdBt—J

X, (M> N(dt, dz),
R z

14+ 02(A)
with initial condition Xo =x¢ € Ry and Ay =1y € S.
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Main Results II: Stochas

4-|: Recurrent and Transient

The regime-switching process (Xi, A¢) is given by

dX, = <s(/\t)Xfo(At) + m(/\t)Xt) dt—ol[/\t]XtdBt—J

X (M> N(dt, dz),
R z

14+ 02(A)
with initial condition Xo =x¢ € Ry and Ay =1y € S.

Thmeorem (v) - on recurrence

Let u = (ui)ies be the stationary distribution of A;. Denote by 3; as

Be = m(i) - 03(1) ~ ACi(02(0).

Then,
(i). the process (X, A¢) is positive recurrent if } ;< 1iB; <O0.
(ii). the process (X, Ay) is transient if 3 ;o iy > 0.
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Main Results II: Stochas

4-11: Convergence Rate of Stationary Distribution

Under the condition of of positive recurrence, there exists a unique stationary distri-
bution 7t(dx,1) on Ry x S such that the semigroup P; of (X, At) converges weakly to
m(dx, 1) as t — oo for every initial data (xg, 1) € Ro X S.

Theorem (vi) - on convergence rate

Under the conditions of positive recurrence in Theorem (v), denote E =) iesBimi <0.

Then, there exist constants C > 0 and 0 < p < 1 such that

d1v(8(x.iq)Pe. ) < CePP) (1 45F), V>0, (x0,i0) € R X .
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Main Results II: Stochas

4-111: Asymptotic Boundedness of pth Moment

> In our economic model with regime-switching, the mean growth rate is completely
determined by the current environment i € S of the economic system, and the calculation

methods of Gy (t), Gy (t) and G(t) are similar.

> In practical applications, it is likely that the economic system does not satisfy the
condition of positive recurrence, however, using the M-matrix method, we will be able to
obtain the asymptotic behavior of process (X, A{), such as the asymptotic boundedness

of pth moment.
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Main Results II: Stochas

4-111: Asymptotic Boundedness of pth Moment

Definition 4.3 - M-matrix
A is M-matrix if it can be expressed as A = Al — B with non-negative matrix B and

A > p(B), where I is identity matrix and p(B) is the spectral radius of B.

Theorem 4.4 - on pth moment estimations

Let p > 1 and denote by ' := —diag(M(p, 1),--- , M(p,n)) — Q, where

M(p, i) = p{mm +3(p~ 1030 + 2cl-p, mn},

If T is a nonsingular M-matrix, there exists positive numbers A, k and n* (calculable),

limsupE [X}] <

t—o0 *)\

Zhong-Wei Liao stochastic Solow growth model 11.25 — 11.27, 2022 29 / 44



5. Example: System in Negative and Positive Environment
— Negative Environment
— Positive Environment

— Model with Regime-Switching
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Economic System in Negative and Positive Environment

Consider an economic system that switches between two environments, i.e., S = {0, 1}.

To eliminate the interference of secondary variables, we assume that

Moreover, we also assume that
of0) = (1) =a€(0,1), g(0)=g(l)=g=>0, s(0)=s(1)=s€][0,1],

The switching is described by a Markov chain Ay, which is generated by matrix Q
with stationary distribution L,

—To To

Q= : uz(mm)z( i o ) (1)

T —T1 To+T1 To+T11

In our example, we assume that the economic system consists of two distinct envi-
ronments, one is negative environment (denoted by i = 0) and the other is positive

environment (denoted by i = 1).
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5-1: Negative Environment - i =0

> Technology in this environment lacks the motive force and incentive mechanism
of innovation, but it is subject to greater stochastic disturbance in the process of

accumulation.

We assume that 01(0) = 0; > 0 and 02(0) = 0. Moreover, assume that the stochastic

disturbance is sufficiently large, that is

1
S0t > g (+)
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5-1: Negative Environment - i =0

According to theorems on stability and mean growth, pth-moment and balanced path:
> X9 = 00 as t — oo almost surely (since A” — 0 as t — o0).
> Since m(0) + AC(—1, 02(0)) = 02 — g > 0, the mean growth rate G;((O) (t) is always

positive and there is no balanced growth path for XLO);

According to theorems on mean growth of economic variables,
> Since M4(0) = (1—«) [g— %0‘%] < 0, the long-run mean growth rates of capital KEOJ,

total output Yt(o) and capital-labor ratio )_(,£0) satisfy

Jim Gl (8) = fim Gy () =0, fim Glyo) (t) = (1= o) [g— S 03] <O0.
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5-1: Negative Environment - i =0

Therefore, in this environment i = 0, the economic system will eventually collapse
due to excessive stochastic disturbance driven by Brownian motion, that is, capital
and capital-labor ratio will stagnate, and the total output even produces negative growth.

In other words, stochastic disturbances B, in technology have a negative impact on

the economic system.
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5-11: Positive Environment - 1 =1

> Technological innovation and research are greatly encouraged and supported.

We assume that 0,(1) = 0, > 0 and the intensity A@(dz)dt satisfies that

02Z 2
AJRO (1 T Gﬂ)(p(dz) >o07—g¢, (%)

where 01(1) = 01(0) = 07 > 0 with (%) holds.
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5-11: Positive Environment - 1 =1

> The trivial solution a = 0 of Aﬁl) is almost exponentially unstable and Ail) has a

positive mean growth rate, since

1, 1, J 022 J
- = o2 —A| log(1 .
9= 501> 501 = A . (1+G2Z)¢>(d2) > —A . og (14 02z) ¢(dz)

According to theorems on mean growth of economic variables,

> The parameter M (1) is

2 11—«

The upper and lower bound of mean growth rates satisfies,

Mq(1) =(1—«) [g - E(ﬁ + LJ (1+ 02z)" > —1) (p(dz)} > 0.
Ro

Gy (t) and Gy (t) € (0, sxg"letM"‘(l)] ,

Gl (1) € (Ma(1), asxgte™M=M + M (1)].
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5-11: Positive Environment - 1 =1

According to theorem on balanced mean growth path,
> There exists a balanced mean growth path v and when XS) ~ 7t* for some t* > 0, and

the mean growth rates of Kil), Yt(l) and )_(EI] on the balanced mean growth path satisfies

’ *Y) A *) — 2 02Z
Ghon (1) = G (1) =g =t +A| (772 olen)

KO2Z

1
’ *) = o 2 s
Gy (t) =g 206(3 o)oy +7‘J'RO {1+Gzz

+ (1 + 0p2) ""1} @(dz).

It should also be noted that the increase in variance 05 is of limited help to the
economy, but it is more important to increase parameter A and @(dz), i.e. the impact

of inventions and creations.
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5-11: Positive Environment - 1 =1

Therefore, in this environment 1 = 1, the Poisson random measure has a positive
role and it contributes to the stability and growth rates of the main variables of the
economic system. In other words, the jump in technology driven by new invention has a

very prominent and positive impact on the economic system.

Moreover, formula (xx) and the above discussion show that when the jump part is
strong enough, its positive effect will cancel out the negative effect caused by the Brownian

motion.
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5-11I: Model with Regime-Switching

In this part, we will discuss the process (X¢, A¢) with regime-switching in the negative
and positive environments. The parameters of this system satisfy that 0;(0) = 01(1) = 03
with (%), 02(0) =0 and 0,(1) = 0, with ().

According to Theorem 4.1 (on recurrence of switching process), we have

1
Negative environment: (3o = ch —g>0,

1
Positive environment: (; = EG% —g— ?\J log(1 + 02z)@(dz) < 0.
Ro
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5-11I: Model with Regime-Switching

To ensure that the process (it, A¢), as well as (X¢, At), is positive recurrent, we need

E:: HoBo + H1P1

1 1 1
(T0+T1) [(5‘5%—9)?1—0— (5(;%_9_?\.[1&0 log(l—b—cgz)(p(dz))rg} <0,

which is equivalent to

1 > To
~07]— A | log(1 dz).
501 9< (T0+r1) JRO og(1 + 02z)p(dz) (** %)
Define ¢* :== —f31/Bo > 0, then above formula holds when
To > T1/€".
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5-11I: Model with Regime-Switching

According to the definition of Q matrix, the sojourn time of A; on state i = 0 satisfies
PAs =0,0 < s < Ay =0] = e ™",

Therefore, once 1 is sufficiently large (equivalently, the sojourn time of state i = 0 is

short), the process ()?t,At) is still positive recurrent.

The discussion here shows that despite the existence of some negative environment
in the process of economic development, we can control and regulate the switching
mechanism between the environments so that the overall economic system remains

stable. In this sense, the switching part may serve as a stabilizing factor.
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5-11I: Model with Regime-Switching

Finally, we analyze the asymptotic boundedness of (X, A¢). Consider p =1, then

Mo :=M(1,0) =0?—g,

L _ 2 02Z
M;:=M(1,1)=07—g AJRO <1+ng)(p(dz)'

The matrix I' in theorem of moment estimation equals

r_ —Mo + o —To
—T1 M+
Then T is a nonsingular M-matrix if and only if all of the principal minors of T" are positive,
that is

To—Mo >0 and (Tl—Ml)(To—M())—ToTl > 0.
Since (x) and (xx), we obtain My > 0 and M; < 0. Above inequalities hold if

1o > Mo — (11 Mo) /M.
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5-11I: Model with Regime-Switching

Define a constant ¢ with
To(ro + 11 — Mo)

< 1.
To — M) (11 + 10 — M3)

7T

According to theorem on pth-moment estimations, we can calculate k/(n*A) and then
> the asymptotic bound of X; is
1
T T« Cow
limsupE [X{] < <£>< s ) (ro — My) =
t—00 ¢/\1—9¢

1
7(‘r0+r1—M1)( s(ro +11 — My) )ﬁ
To+ 11— Mo MoM; — oM — M1y '
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Thank you for your attention!
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